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A  new  processing  framework  that  allows  detailed  characterization  of  the  nonlinear  dynamics  of  EEG
signals  at real-time  rates  is proposed.  In  this  framework,  the  phase  space  trajectory  is  reconstructed  and
the underlying  dynamics  of  the  brain  at different  mental  states  are  identified  by analyzing  the shape
of  this  trajectory.  Two  sets  of  features  based  on  affine-invariant  moments  and  distance  series  trans-
form  allow  robust  estimation  of  the  properties  of the  phase  space  trajectory  while  maintaining  real-time
performance.  We  describe  the  methodological  details  and  practical  implementation  of  the  new  frame-
work  and  perform  experimental  verification  using  datasets  from  BCI  competitions  II and  IV.  The  results
showed  excellent  performance  for using  the  new  features  as  compared  to competition  winners  and  recent
research  on  the  same  datasets  providing  best  results  in  Graz2003  dataset  and  outperforming  competition
hase space reconstruction (PSR) winner  in  6 out of  9 subject  in  Graz2008  dataset.  Furthermore,  the  computation  times needed  with  the
new  methods  were  confirmed  to permit  real-time  processing.  The  combination  of  more  detailed  descrip-
tion  of the  nonlinear  dynamics  of EEG  and  meeting  online  processing  goals  by  the  new  methods  offers
great  potential  for several  time-critical  BCI  applications  such  as  prosthetic  arm  control  or  mental  state
monitoring  for safety.

© 2017  Elsevier  Ltd. All  rights  reserved.
. Introduction

Brain computer interface (BCI) is an alternative communication
athway between the human brain and the external environment
hrough a computer [1]. BCI systems are used to assist disabled
eople to control neuroprostheses and wheelchairs by detecting
heir brain electrical activity during different mental tasks [2–4].
ifferent techniques can be used to measure brain activity such as

he electroencephalography (EEG), functional magnetic resonance
maging (fMRI), electrocorticography (ECoG), magnetoencephalog-
aphy (MEG), and near infrared spectroscopy (NIRS) [5–8]. Among
hose techniques, the EEG-based BCI systems are the most widely
sed due to their relatively low cost, high temporal resolution, and
onvenience for users [9].
The human brain shows EEG activity over the sensorimotor cor-
ex at mu  (8–13 Hz) and beta (14–25 Hz) frequency bands when
wake subject does not experience sensory or motor activities and

∗ Corresponding author.
E-mail address: ykadah@kau.edu.sa (Y.M. Kadah).

ttp://dx.doi.org/10.1016/j.bspc.2017.05.007
746-8094/© 2017 Elsevier Ltd. All rights reserved.
this phenomenon is termed event-related synchronization (ERS)
[10]. In contrast, the mu  and beta rhythmic activities are attenu-
ated when a subject processes motor commands or sensory stimuli
and this phenomenon is termed as event-related desynchroniza-
tion (ERD) [11]. Fortunately, such ERS/ERD changes can be elicited
during the imagination of movements and hence can be used for
EEG-based BCI systems operated by motor imagery [12,13].

Different feature extraction and classification algorithms were
developed to interpret the brain electrical activity into commands
for external computers or devices. Krusienski et al. studied the rela-
tive BCI performance using Phase-Locking Value (PLV) features and
in combination with spectral power and coherence features [14].
Their results indicated that using spectral power features produced
similar classification performance as using PLV, coherence, or any
combination of these features. Brodu et al. introduced two sets of
features based on multifractal cumulants and predictive complex-
ity of the EEG signals [15]. The winner of BCI competition 2003

for dataset III extracted features using Morlet wavelets and used
the Bayesian classifier to differentiate between the imagination of
left and right-hand movements [16]. Xu et al. extracted statisti-
cal features over set of wavelet coefficients which were fed into a

dx.doi.org/10.1016/j.bspc.2017.05.007
http://www.sciencedirect.com/science/journal/17468094
http://www.elsevier.com/locate/bspc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.bspc.2017.05.007&domain=pdf
mailto:ykadah@kau.edu.sa
dx.doi.org/10.1016/j.bspc.2017.05.007
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uzzy support vector machine (FSVM) classifier to characterize the
ime-frequency distribution of the EEG signals [17]. Their results
utperformed the winner of BCI competition 2003 for dataset III.
hou et al. proposed extracting bispectrum-based features to char-
cterize the non-Gaussian nature of EEG measurements leading to
ven better results for the same dataset using different classifiers
18]. On the other hand, Ang et al. proposed filter-bank common
patial pattern algorithm to optimize the subject-specific frequency
and for classification of different motor imagery tasks [19]. Their
echnique was the winner of BCI competition 2008 for datasets 2a
nd 2b. Delgado et al. proposed new approach for classification of
otor imagery tasks based on the hidden conditional random fields

HCRFs) [20]. The extracted features which include autoregressive
AR) modeling of the EEG signals followed by the calculation of the
ower spectrum were used to model the HCRFs. Their results out-
erformed the results obtained by the winner of BCI competition
008 for dataset 2a [20].

Despite the relative success of the above techniques, many of
he proposed feature extraction methods for EEG-based BCI sys-
ems assume linearity of the recorded EEG signals and hence ignore
he well-established nonlinearity of brain electrical activity. There-
ore, several methods were proposed to better model the nature of
EG signals using features derived from nonlinear dynamical mod-
ling [21–23]. Many such features were proposed for the analysis
f EEG signals at different mental states. Carlino et al. calculated
he correlation dimension to differentiate between the EEG signals
f healthy and schizophrenic patients [24]. Sakkalis et al. inves-
igated three measures to detect the absence seizures; namely, a
inear variance analysis approach, approximate entropy, and order
ndex [25]. Hosseinifard et al. used four nonlinear features includ-
ng correlation dimension, Lyapunov exponent, Higuchi fractal, and
etrended fluctuation analysis (DFA) with KNN classifier to differ-
ntiate between normal and depression patients [26]. Banitalebi
t al. calculated some chaotic indices such as mutual informa-
ion, correlation dimension, Lyapunov exponent, and the minimum
mbedding dimension with multi-layer perceptron classifier and k-
eans support vector machine (KM-SVM) classifier to discriminate

ifferent motor imagery tasks [27]. Fang et al. proposed extract-
ng features from the reconstructed phase space (RPS), which
s a transformation of the EEG time series into a geometrical
bject embedded in a higher-dimensional space [28]. Their features

ncluded amplitude frequency analysis (AFA) and autoregressive
AR) modeling of RPS. Unfortunately, the calculation of most (if not
ll) of such features is notoriously time-consuming, which makes
t impractical to develop online classification schemes with high
nformation transfer rates as required for BCI. So, the development
f techniques that account for nonlinear dynamical nature of EEG
ignals while meeting online processing goals would potentially be
f significant impact on this field.

In this work, we propose a new processing framework that
llows more detailed characterization of the nonlinear features
f the EEG signals at real-time rates. In this technique, the phase
pace trajectory is reconstructed and characterized using two  sets
f features based on affine-invariant moments and a new distance
eries transform. Such features allow robust determination of the
haracteristics of the phase space trajectory while being rather sim-
le to compute to meet real-time performance requirements. We
escribe the implementation of the new framework and perform
xperimental verification using data sets from BCI competitions.

. Methodology
The phase space reconstruction method by Packard et al. [32]
as proposed to reconstruct a system’s attractor using one or more

f its measured time series. Takens [33] showed that the recon-
sing and Control 38 (2017) 55–66

structed phase space (RPS) had the same dynamical properties as
the true attractor of the system which produced the measured
signals. Consequently, it is possible to reconstruct attractors with
different topological properties using EEG measurements at dif-
ferent mental states assuming the human brain as a nonlinear
dynamical system. Fig. 1 shows a graphical representation of the
time-delay embedding procedure used to estimate RPS in this work.
The embedding dimension in this figure was  taken as 3 for clear
illustration. For the EEG signal at the top plot, three coordinate
points are required to create one point in a 3D phase space (bot-
tom left plot). Each point in the phase space is represented by three
values, which are the amplitude values of the signal at 3 consecu-
tive time points separated by time lag �. By repeating these steps for
each time point, we  can reconstruct the phase space of the underly-
ing dynamical system and obtain an equivalent attractor as shown
in the bottom right plot. The details of the time-delay embedding
process used in this work are provided in Appendix A.

2.1. Preprocessing

The EEG signals were filtered using either Butterworth band-
pass filter of order 3 or Chebyshev Type II band-pass filter of order
6. These filters and their parameters were utilized following the
winners of competition II and IV respectively [16,19]. An addi-
tional filtering using spectral subtraction denoising method was
used here for further noise rejection [36].

2.2. Feature extraction

Two sets of features are introduced in this work to represent
the complexity in the phase space trajectory; namely, the moment
invariant features and the distance series (DS) transform features.
The moment invariant features are used to quantitatively charac-
terize the shape of the RPS. On the other hand, DS features are
computed after a transformation of the multidimensional RPS into
a one-dimensional space. A set of DS-domain features are derived
based on the raw values of the transformed RPS, their autore-
gressive model coefficients, magnitude of their discrete Fourier
transform, and their wavelet decomposition coefficients.

2.2.1. Moment invariant features
Moments are quantitative measures that describe the distribu-

tion of a random variable whereby a set of moments with order
ranging from zero to order infinity uniquely determine its proba-
bility density function. In this study, we  consider the reconstructed
attractor as m-dimensional object in the phase space and charac-
terize its shape by moments.

Generally speaking, the moment of order p for an m-dimensional
object with density function � (S1, S2, . . ., Sm) = � (S) where Si is
a column in the reconstructed phase space Yi (m) is  given by the
Riemann sum as,

Mp1...pm =
∑K

j=1
. . .

∑K

j=1
Sp1

1j . . .Spmmj � (S)dS1. . .dSm, (1)

where p1 + p2 + . . . + pm = p, 0≤ p < ∞,  and K is the length of the
embedded dimensions Si, i = 1, 2, . . .,  m.  Similarly, the central
moments are given by,

�p1 ...pm =
K∑
j=0

. . .

K∑
j=0

(
S1j − S1j

)p1

. . .

(
Smj − Smj

)pm

� (S)dS1. . .dSm , (2)
where S1 = M1...0
M0...0

, . . .,  Sm = M0...1
M0...0

. From the above expressions, such
moments will vary if an affine transformation is applied to RPS,
which is a clear disadvantage when trying to characterize such
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Fig. 1. Time-delay embedding procedure whereby the 3D coordinates of each point in the phase space are obtained as the values of the signal amplitudes at times t, t+�,  and
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+2�.  So, the coordinates of the pink point in the phase space in the bottom left 3D
lot.  Repeating this for all time points t of the original signal results in the complex

n  this figure legend, the reader is referred to the web version of this article.)

hapes in a robust manner. The central moments have the advan-
age of being invariant under translation but still vary under
oordinate rotation.

Mamistvalov [37] presented the general fundamental theorem
f moment invariants (GFTMI) to help in calculating invariant
oments for m-dimensional objects. He proved that the sums of

he major minors of the discriminants of matrix D containing the
entral moments of order two calculated for the m-dimensional RPS
re absolute invariants of orthogonal transformations. This matrix
s given as,

 =

⎡
⎢⎢⎢⎢⎣

�2...0

. . .

· · ·
. . .

�1...1

. . .

. . .

. . .

. . .

. . .

�1...1

. . .

. . .

. . .

�0...2

⎤
⎥⎥⎥⎥⎦
. (3)

Since the central moments in the elements of this matrix are
nvariant to coordinate translation, the calculated sums of major

inors of the discriminants of matrix D will be invariant for transla-
ion, rotation and reflection transforms. This property allows them
o be more robust in characterizing RPS.

As an example of how such moment invariants are calculated,
onsider the moment invariant features extracted for an EEG seg-
ent x of length N = 100 samples and optimal delay-time � = 5 s
hile embedding dimension m = 3. Hence, the RPS is given as,

l (3) =

⎡
⎢⎢⎢⎣

Y1

Y2

. . .

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

x1 x6 x11

x2 x7 x12

. . . . . . . . .

⎤
⎥⎥⎥⎦ , (4)
YK xK xK+5 xK+10

here K = N − (m − 1) × � = 100 − 2 × 5 = 90. The location of every
oint in the RPS is determined by the corresponding Yl value i.e.
he first point Y1 is located at (x1,x6,x11) and the last point Y90is
s obtained as original signal values of the red, green, and blue points in the top 2D
 space trajectory shown to the right. (For interpretation of the references to colour

located x90,x95,x100). To calculate the moments M and the central
�, � (S) is set to be a vector of ones of length K to indicate that
there is a point at the corresponding location Yl. The D matrix is
constructed as,

D =

⎡
⎢⎣
�200 �110 �101

�110 �020 �011

�101 �011 �002

⎤
⎥⎦ , (5)

The number of major minors of the matrix D equals to the num-
ber of the embedding dimension m.  For example, for m = 3, the sums
of major minors of the discriminants of matrix D termed Oi can be
calculated as,

O1 = �200 + �020 + �002. (6)

O2 = |
�200 �110

�110 �020

| + |
�020 �011

�011 �002

| + |
�200 �101

�101 �002

|. (7)

O3 = |
�200 �110 �101

�110 �020 �011

�101 �011 �002

|. (8)

In this work, we use this procedure to calculate m features, Oi
with i = 1,2, . . .,  m,  with optimal embedding dimension m estimated
for the m-dimensional RPS of the dataset used.

2.2.2. Distance series features
The distance series (DS) transform domain defined by Sayed

et al. [47] is used to transform the multi-dimensional RPS into a one-
dimensional series computed as the Euclidian distances between

every point in the phase space trajectory and the origin. The raw
values of the DS transform domain, which represent how the phase
space trajectory evolves with time and reflects the change of the
system states are used in combination with the autoregressive
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odel coefficients, the magnitude of the Fourier transform, and the
avelet packet decomposition coefficients of the DS as features for

he developed BCI system.
The Distance Series (DS) maps the complex variations of

he multi-dimensional phase space trajectory Yij into a one-
imensional space Di which can be calculated as:

i =

√√√√
m∑
j=1

Yij
2, i = 1, 2, . . .,  M.  (9)

Small changes in the DS values indicate that the RPS has slow
rajectory movements while the large changes of such values indi-
ate wide steps between consecutive points in RPS. So, this allows
apturing more details about the underlying dynamics of the sys-
em than traditional complexity measures. Fig. 2 shows a simplified
llustration of a hypothetical 3D phase space and its corresponding
istance series transform. The Euclidian distances between each
oint in RPS and the origin in (a) are represented by the 1D series
s shown in (b).

Dealing with the DS as a simple time series allows use of sig-
al analysis methods to characterize its properties. Such methods

nclude the autoregressive modeling of DS using Burg’s algorithm.
o calculate the model coefficients, the model order was chosen
he same as Fang et al. [28]. Since the fluctuations in the DS values
eflect how RPS trajectory points move in space, the magnitude of
he Fourier transform of the DS time series is used to characterize
PS trajectory shape. For example, if the trajectory points have the
ame distance from the origin, the Fourier transform will be con-
entrated near DC with no significant high-frequency components.
therwise, the Fourier transform will contain a spectrum that is
haracteristic to the global changes in the DS. Furthermore, the
avelet packed decomposition coefficients can also be used to pro-

ide a time-frequency analysis of the DS time series that allows the
etection of local changes in the RPS. In this study, we  report results
sing Daubechies 4 family with 3 levels for the wavelet packet
ecomposition of the DS to allow repeating this procedure. These
arameters were selected as an example of a specific experiment
e conducted to allow reproducing the reported results. Optimiza-

ion of such selection was not attempted and can be considered for
uture work.

.3. Feature selection and classification

Student’s t-test and Fisher score [38] were used for feature selec-
ion in addition to principal component analysis (PCA) which was
sed for dimensionality reduction purposes. The feature vector for
ach class is formed by concatenating the features calculated from
hannels C3 and C4. The two feature vectors are fed to Student’s
-test that assumes that the features calculated for the two classes
ave normal distributions with unknown but equal variance and
ests the null hypothesis of whether they have equal means. Only
eatures with scores below a significance level of 0.05 (p-value
0.05 indicating confidence in the rejection of the null hypothesis)
re included in the classification stage. In some cases, the Fisher
core was used after applying PCA to select the most relevant fea-
ures from the new feature space produced from the projection of
he extracted features on the principal components. In addition,
ifferent classifiers were tested including the K-nearest neighbor
KNN), support vector machines (SVMs) with radial basis function
RBF) kernel, linear discriminant analysis (LDA), and quadratic dis-

riminant analysis (QDA). For each subject, the results obtained
sing the feature selection procedure as well as the classifier that
roduce the maximum classification accuracy using the moment

nvariant features or the DS based features are reported.
sing and Control 38 (2017) 55–66

The classification procedure differs for each dataset. In
Graz2003, we followed the procedure in [28] where the features
are extracted from an EEG segment located inside a sliding window
of 2 s within range t = 3–9 s. The classifier was trained and tested at
the same time point. Alternatively, for Graz2008 dataset, we  fol-
lowed the classification procedure in [19] where a sliding window
of 2 s is used within range t = 3-7.5 s for testing while a fixed win-
dow of 2 s length is selected to extract the training features. In other
words, the classifier is trained with the features extracted from the
fixed window and tested using the features extracted from the EEG
segment inside the sliding window.

3. Experimental verification

Two datasets from BCI competitions II [29] and IV [30] were used
in this work to verify the effectiveness of the proposed features.
The first is dataset III from BCI competition II (termed Graz2003)
while the second is dataset 2b from BCI competition IV (termed
Graz2008). Both datasets were recorded during motor imagery
tasks and were provided by the Laboratory of Brain-Computer
Interface, Graz University of Technology [31].

Graz2003 dataset was collected over channels C3, Cz, and C4
from one normal female subject who was  asked to control a feed-
back bar by the imagination of left and right hand movements. The
dataset contains 280 trials to be divided equally into training and
testing sets randomly. The recorded trials include equal numbers
of trials for imagination of left and right hand movement. The mea-
sured EEG signals were sampled at a rate of 128 Sa/s and filtered
using band-pass filter with corner frequencies 0.5 and 30 Hz. The
length of each trial was  9 s. At t = 3 s, an arrow was displayed as cue
to indicate the direction at which the subject should imagine the
movement. The order of left and right cues during the experiment
was random.

On the other hand, Graz2008 dataset was collected from 9 sub-
jects with normal or corrected-to-normal vision. For each subject,
five sessions were recorded where each session contains EEG mea-
surements recorded using 3 bipolar channels (C3, Cz, and C4) as well
as 3 monopolar EOG channels. The first two sessions were recorded
without feedback and contained 120 trials each. The other three
sessions were recorded during the presence of feedback and con-
tained 160 trials each. The training data comprised the first three
sessions while the last two sessions were provided for testing. The
EEG measurements were sampled at a rate of 250 Sa/s and filtered
using a band-pass filter with corner frequencies 0.5 and 100 Hz.
The imagination period in the first two sessions was 4 s (t = 3–7 s),
while the imagination period during the feedback sessions was 4.5 s
(t = 3–7.5 s).

The first step in calculating the nonlinear dynamical modeling
features for the EEG signals is the reconstruction of the phase space
which requires the estimation of the embedding parameters that
include the optimal delay-time and the optimal embedding dimen-
sion. The procedure in Appendix A was  used to do that. The first
minimum of the mutual information and Cao’s algorithm were used
to calculate these parameters for every EEG segment inside the slid-
ing window in the training set. Fig. 3 shows the histograms of the
optimal delay-time and the optimal embedding dimensions calcu-
lated for every EEG segment in the training set. We used the average
of the calculated delay-time and embedding dimensions to repre-

sent the optimal values that should be used for the reconstruction
of the phase space. The average delay-time over the EEG segments
in the training dataset was 3 s while the average embedding dimen-
sion was 9.



K. Sayed et al. / Biomedical Signal Processing and Control 38 (2017) 55–66 59

Fig. 2. Graphical representation of distance series (DS) signal generation. The distance between a fixed reference point (origin) to each point on the complex 3D phase space
trajectory is computed as shown in (a). Then, the resultant DS signal is obtained as in (b) where each point in the 3D phase space trajectory is represented by one point in
the  1D DS signal.

F  (b) calculated for every EEG segment in the training set using Cao’s method. The average
o  of the phase space of testing data.
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Table 1
Performance measures using the moment invariant features with KNN classification.
The best results shown in bold were obtained with K = 9.

Classifier Max Accuracy (%) Time of Max
Accuracy (s)

Max  MI  (bit)

K = 1 85.71 5.86 0.4941
K  = 3 87.86 5.80 0.6025
K  = 5 87.86 5.82 0.6128
K  = 7 88.57 5.80 0.6429
K  = 9 89.29 5.76 0.6825
ig. 3. Histogram of optimal delay-time (a) and the optimal embedding dimensions
f  such delay-time and embedding dimension values is used for the reconstruction

.1. Graz2003 dataset results

The EEG signals were filtered using the Butterworth band-pass
lter of order 3 with corner frequencies 0.5–30 Hz and the filtered
ignals were denoised using the spectral subtraction denoising with
arameter � selected as 5 to produce the maximum classification
ccuracy as reported by Makary et al. [41]. Three sets of features
ere examined including moment invariant features, distance

eries (DS) features, and combination of both. The evaluation cri-
erion used for Graz2003 dataset was the mutual information (MI),
hich represents the information transfer between the human

rain and the computer [39,40].

.1.1. Moment invariant features
The moment invariant features were calculated for channels C3

nd C4 to construct the feature vector. Since the optimal embed-
ing dimension was m = 9, the length of the feature vector will be
8 with 9 features from channel C3 and 9 features from channel
4. In addition, PCA was used for dimensionality reduction using
he principal components that represent 99% of the variances in
he feature space. Table 1 shows the best performance measures
btained over the classification period using the KNN classifier. As

n illustration of the time variations of the error rate and mutual
nformation, Fig. 4 shows the time courses of the MI and the error
ate (ERR) for the best classification rate (KNN classifier with K = 9)
ver the classification period from 3 to 9 s.
K  = 11 88.57 5.80 0.6312
K  = 13 87.14 5.80 0.5447

3.1.2. Distance series features
The DS values calculated for channels C3 and C4 were used to

construct the feature vector. Fig. 5 shows the average DS time series
over the training dataset calculated for a window that starts at t = 4
and ends at t = 6 s. It is evident that the curves of the DS calculated
for channels C3 and C4 switch places between left and right imagery
tasks. This indicates their potential to differentiate between the two
classes.

Since the length of the EEG segment inside the 2 s sliding win-
dow at the sampling rate used is 256 samples, the number of RPS
trajectory points of Eq. (4) (and hence the length of DS time series)
calculated for one channel using m = 9 � = 3 will be 232 points. Con-

sequently, the length of the DS feature vector will be 464 features.
Table 2 shows the performance measures obtained using Student’s
t-test for feature selection and KNN for classification. An illustration
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Fig. 4. Time course of the Mutual Information (MI) and Error Rate (ERR) variations for the case of best classification of moment invariant features using KNN classifier with
K  = 9 where the maximum accuracy (minimum ERR) was 89.29% at time of 5.76 s and MI  of 0.6825.
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ig. 5. Average distance series (DS) for Graz2003 dataset for (a) Class 1 (left), and (
3  and C4 switch positions between left and right imagery tasks. This illustrates th

f the time courses of the MI  and the ERR for the best classification
esults (KNN with K = 11) over the classification period is presented
n Fig. 6.

.1.3. Combined features
Here, the feature vector was constructed using the moment
nvariant features in addition to the DS values calculated for chan-
els C3 and C4. PCA was used for dimensionality reduction and
he Fisher score was applied to the new feature space of the pro-
ected features onto the principal components that explain 99%
s 2 (Right). As can be noticed, the curves of the average DS calculated for channels
ntial for DS signals to differentiate the two classes.

of the variance. The number of features selected using the Fisher
score was  obtained using 10-fold cross-validation over the training
data. Table 3 shows the performance measures obtained using PCA
and Fisher score for dimensionality reduction and feature selection
respectively and KNN classification. The time courses of the MI  and
the ERR for KNN with K = 5 are shown in Fig. 7.
Table 4 shows a comparison between the proposed methods
and previous studies in the literature for the motor imagery tasks
addressing the same Graz2003 dataset. The proposed methods
outperformed the previous methods based on the competition
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Fig. 6. Time course of the Mutual Information (MI) and Error Rate (ERR) variations for the case of best classification of distance series (DS) features using KNN classifier with
K  = 11 where the maximum accuracy (minimum ERR) was  89.29% at time of 5.84 s and MI  of 0.6836.

F or the
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c
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ig. 7. Time course of the Mutual Information (MI) and Error Rate (ERR) variations f
eries  (DS) features using KNN classifier with K = 5 where the maximum accuracy (m
riterion (i.e., MI). As shown in Table 4, the MI  obtained by the
ompetition winner [16] was 0.61 while the best result in [28] was
.67. In this work, the MI  values for the proposed methods using
 case of best classification using the combination of moment invariant and distance
um ERR) was 89.29% at time of 5.88 s and MI  of 0.6816.
moment invariant features, distance series features, and combined
features were 0.6836, 0.6825, and 0.6816 respectively.
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Table 2
Performance measures using the DS based Features and KNN classification. The best
results shown in bold were obtained with K values of 9 or 11.

Classifier Max  Accuracy (%) Time of Max
Accuracy (s)

Max  MI  (bit)

K = 1 82.14 6.11 0.3793
K  = 3 85.71 5.99 0.5144
K  = 5 84.29 5.90 0.4580
K  = 7 85.71 5.82 0.5099
K  = 9 87.85 5.82 0.6041
K  = 11 89.29 5.84 0.6836
K  = 13 86.43 5.82 0.5389

Table 3
Performance measures using Moment Invariant and DS-based Features and KNN
classification. The best results shown in bold were obtained with K = 5.

Classifier Max  Accuracy (%) Time of Max
Accuracy (s)

Max  MI  (bit)

K = 1 82.86 5.85 0.3942
K  = 3 85.00 5.84 0.4987
K  = 5 89.29 5.88 0.6816
K  = 7 86.43 5.87 0.5410
K  = 9 87.14 5.94 0.5575
K  = 11 87.14 5.84 0.5630
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kappa value obtained for subject 4 is the same for all of the work
in comparison. The best average kappa value was obtained by Del-
gado et al. which was  slightly better than the proposed methods

T
C
f

K  = 13 87.14 6.30 0.5982

.2. Graz2008 dataset results

We  extracted the proposed features for Graz2008 dataset to
valuate their effectiveness in differentiating between the imag-
nation of left and right hand movements. The phase space was
econstructed using � = 3 and m = 9 for channels C3 and C4 using
he technique in Appendix A. We  followed the procedure used by
he winner [19] for training and testing phases. In this procedure,
ession 3 was selected by the cross-validation scheme to be used in
he training phase for subjects 4, 5, 6, 7, 8, and 9 while sessions 1, 2,
nd 3 were used for subjects 2 and 3. On the other hand, only ses-
ions 1 and 3 were used for subject 1. During the training phase, the
eatures were extracted from a 2 s window which starts at t = 3.5 s
nd ends at t = 5.5 s for all subjects except subject 7 where the win-
ow starts at t = 5.5 s and ends at t = 7.5 s. Furthermore, sessions 4
nd 5 were used for testing phase for all subjects. The evaluation
riterion for Graz2008 dataset was Cohen’s kappa coefficient [43].

Our goal in this work is to maximize the performance mea-
ures (i.e. Cohen’s kappa coefficient and classification accuracy)
alculated for each subject. Since we only use EEG data from one
ubject at a time for training and testing the system, we  utilized
ifferent preprocessing, feature selection, and classification algo-
ithms along with the proposed features to build a BCI system which
roduces the highest performance measures for each subject. The
etails of the different processing settings used for each subject are

rovided in Tables 5–7.

able 4
omparison Between the Proposed Methods and Other Studies for Graz2003 Dataset. All 

rom  previous work.

Method Features Classifier 

Proposed 1 Moment Invariant KNN, K = 11 

Proposed 2 DS Values KNN, K = 9 

Proposed 3 Moment Inv. +DS Values KNN, K = 5 

Fang et al. [28] AFAPS+ARPS LDA 

Xu  et al. [17] Wavelet based features FSVM 

Zhou et al. [18] Higher order statistics NN 

Zhou et al. [18] Higher order statistics LDA 

Competition winner [16] Morlet Wavelets Bayesian Class
sing and Control 38 (2017) 55–66

3.2.1. Moment invariant features
The moment invariant features were extracted for each subject

at different preprocessing, feature selection, and classification tech-
niques. Table 5 shows the different settings used for each subject
as well as the classification accuracy and kappa value. The corner
frequencies for Chebyshev Type II band-pass filter was 4 and 40 Hz
while the corner frequencies for Butterworth band-pass filter was
0.1–30 Hz as used by the competition winners [16,19]. In addition,
spectral subtraction denoising was  used after bandpass filtration
with parameter � where zero value of this parameter means no
spectral subtraction processing. The number of features selected
by Fisher score is 2 and the percentage of variance threshold used
for PCA is 99%.

3.2.2. Distance series features
The DS features calculated for each subject in Graz2008 dataset

showed the same behavior as the DS calculated for Graz2003
dataset which confirmed their effectiveness in differentiating
between different motor imagery tasks. So, the feature vector was
constructed using the raw DS values calculated for channels C3
and C4, in addition to the AR model coefficients, the magnitude
of the Fourier transform, and the wavelet packet decomposition
coefficients of these DS values. Table 6 shows the performance mea-
sures obtained using the DS based features and the corresponding
settings used for each subject.

For subject 5, the Butterworth filter was  used after applying the
independent component analysis (ICA) [44] on the original dataset
to remove the effect of the EOG signals on the measured EEG. We
used FastICA [45] to calculate the independent components. For
subjects 1, 2, 3, and 7, we applied PCA on the feature space and
then used Fisher score to select the most discriminating features
from the new feature space produced from the projection of the
extracted features on the principal components that represent 99%
of the variance. The number of features selected by the Fisher score
was 2 for all subjects.

3.2.3. Combined features
Table 7 shows the performance measures obtained using the

moment invariant features combined with the DS based features
with the corresponding settings used to produce these results. ICA
was used for subject 5 as above and the Fisher score feature selec-
tion was applied after using PCA for subjects 1, 2, 3, 6, and 8. Table 8
presents a comparison between the results of the proposed meth-
ods and other studies. The average kappa values obtained using the
DS based features as well as using the combined feature vector can
be noted to exceed the average kappa provided by the winner of
the BCI competition IV dataset 2b [19]. The proposed methods also
outperform most recent work for subjects 2, 3, 7, and 8 while the
[20].

three proposed methods provided Maximum MI  metrics that are better than those

Max  MI  (bits) Min  ERR Time of Max  MI  (s)

0.6836 10.71% 5.84
0.6825 10.71% 5.76
0.6816 10.71% 5.88
0.67 9.29% 5.76
0.66 12.14% 5.92
0.64 10% –
0.63 10.71% –

ifier 0.61 10.71% 7.59
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Table  5
Performance measures using the moment invariant features for Graz2008 dataset. The optimal processing methodology for each subject is shown with its corresponding
performance metrics. The average performance metrics for all subjects are also presented.

Subject Filter Type � Feature Selection Classifier Max  Kappa Max  Accuracy (%)

S1 Chebyshev 0.5 PCA QDA 0.40 69.7
S2  Chebyshev 1 PCA QDA 0.32 66.1
S3  Butterworth 0 Fisher Score KNN, K = 9 0.27 63.9
S4  Chebyshev 0 Fisher Score QDA 0.95 97.7
S5  Butterworth 1 PCA KNN, K = 5 0.59 79.5
S6  Chebyshev 0 PCA LDA 0.54 76.8
S7  Chebyshev 0.5 PCA KNN, K = 13 0.59 79.3
S8  Chebyshev 1 PCA LDA 0.85 92.6
S9  Chebyshev 0 PCA KNN, K = 11 0.71 85.3
Average 0.58 79.0

Table 6
Performance measures obtained using the DS based Features for Graz2008 dataset. The optimal processing methodology for each subject is shown with its corresponding
performance metrics. The average performance metrics for all subjects are also presented.

Subject Filter Type � Feature Selection Classifier Max  Kappa Max Accuracy (%)

S1 Chebyshev 0 PCA + Fisher Score KNN, K = 7 0.43 70.1
S2  Chebyshev 0 PCA + Fisher Score KNN, K = 11 0.29 64.5
S3  Chebyshev 0 PCA + Fisher Score KNN, K = 11 0.26 62.6
S4  Chebyshev 6 Fisher Score KNN, K = 1 0.95 97.7
S5  Butterworth 1.5 PCA KNN, K = 11 0.85 92.7
S6  Chebyshev 0 PCA LDA 0.54 77.2
S7  Chebyshev 0 PCA + Fisher Score LDA 0.60 80.2
S8  Chebyshev 6 PCA KNN, K = 13 0.90 95.2
S9  Chebyshev 1 PCA KNN, K = 13 0.66 82.9
Average 0.61 80.3

Table 7
Performance measures obtained using the moment invariant features and the DS based features for Graz2008 dataset. The optimal processing methodology for each subject
is  shown with its corresponding performance metrics. The average performance metrics for all subjects are also presented.

Subject Filter Type � Feature Selection Classifier Max  Kappa Max Accuracy (%)

S1 Chebyshev 0 PCA + Fisher Score QDA 0.39 68.9
S2  Chebyshev 0 PCA + Fisher Score LDA 0.31 65.3
S3  Chebyshev 0 PCA + Fisher Score KNN, K = 13 0.28 63.9
S4  Chebyshev 6 Fisher Score KNN, K = 1 0.95 97.7
S5  Butterworth 1.5 PCA KNN, K = 11 0.83 91.6
S6  Chebyshev 0 PCA + Fisher Score LDA 0.48 74.0
S7  Chebyshev 0 Fisher Score KNN, K = 13 0.62 81.0
S8  Chebyshev 0 PCA + Fisher Score KNN, K = 13 0.90 94.8
S9  Chebyshev 0.25 Fisher Score LDA 0.70 84.9
Average 0.61 80.2

Table 8
Comparison Between the Proposed Methods and Other Studies for Graz2008 Dataset. The best results for each subject and for the average of all subjects are shown in bold.
The  proposed methods outperformed the competition winner [19] in 6 out of 9 subjects in addition to the average for all subjects.

Subject Moment Invariants Distance Series Combined Ang et al. [19] Gan et al. [46] Delgado et al. [20]

S1 0.40 0.43 0.39 0.40 0.42 0.56
S2  0.32 0.29 0.31 0.21 0.21 0.24
S3  0.27 0.26 0.28 0.22 0.14 0.18
S4  0.95 0.95 0.95 0.95 0.94 0.95
S5  0.59 0.85 0.83 0.86 0.71 0.93
S6  0.54 0.54 0.48 0.61 0.62 0.72
S7  0.59 0.60 0.62 0.56 0.61 0.51
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S8  0.85 0.90 0.90
S9  0.71 0.66 0.70
Average 0.58 0.61 0.61

. Discussion

Given that the ultimate goal of BCI is to allow real-time interac-
ion between the subject and his/her environment, it is important
o assess the processing requirements of the proposed methods to
nsure that they would allow such performance. So, the process-

ng time for the proposed methods were calculated on a modest
rocessing platform using a PC with Intel

®
CoreTM i7 2.66 GHz pro-

essor and 4 GB RAM running Windows 7 and Matlab 2011b. The
0.85 0.84 0.80
0.74 0.78 0.71
0.60 0.58 0.62

results for Graz2003 dataset indicate that the average processing
times were 0.0258, 0.0066, and 0.0432 s for moment invariant,
distance series and combined features respectively. The corre-
sponding average processing times for Graz2008 data set were
0.0283, 0.0871, and 0.11 s respectively. Since the sampling rate for
Graz2003 dataset was  128 Sa/s while that for Graz2008 was 250

Sa/s, the processing time should be less than 0.008 s for Graz2003
or 0.004 s for Graz2008 datasets to provide strict real-time per-
formance. However, since variations to be detected are usually
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uch slower than the sampling period, it is evident that all three
roposed processing methodologies will allow practical real-time
racking of changes in the BCI signals. Furthermore, with the
resent availability of parallel processing hardware such as multi-
ore processors or graphics processing units (GPUs), it is possible to
educe the processing time to the desired time resolution required
y the application. Nevertheless, this comes at the expense of more
ower consumption. Hence, we expect future work to focus on the
rade-off between the two conflicting requirements in the realiza-
ion of practical wearable BCI devices.

Fang et al. [28] proposed feature extraction scheme based on
he phase space reconstruction of the EEG signals. They assumed
he value of the embedding dimension m = 2 based on some studies
hich indicated that many chaotic systems, such as Lorenz, Rossler

nd EEG are not sensitive to the selection of embedding dimension
,  but rather sensitive to the selection of delay-time � [42]. The

elay time for RPS was selected as the delay time that produces
he maximum performance measures using the cross-validation
cheme over the training dataset assuming prior knowledge about
he range of the delay time. No optimization procedures were used
o select neither the optimal embedding dimension nor the delay-
ime. On the other hand, in our study, we used the first minimum
f the mutual information and the Cao’s algorithm to optimally
elect the delay-time and the embedding dimension respectively.
n addition, we dealt with the RPS as one unit which represent m-
imensional object in the phase space to avoid extracting features

rom each dimension separately. The experimental results showed
hat the quantitative measures (i.e. the moment invariant features)
hat characterize the shape of the RPS can be used to distinguish
etween different motor imagery tasks. Furthermore, the proposed
S shows that the brain dynamics exhibit different behavior at
ifferent mental states and the DS can be used to describe the evolu-
ion of the underlying dynamical system. So, this indicates that the
roposed framework is likely to be more robust given its optimized
PS and more descriptive RPS feature extraction.

The utilization of different preprocessing, feature selection, and
lassification algorithms along with the proposed features for the
esults of Graz2008 dataset indicate the wide inter-subject variabil-
ty of the data that required different processing to be used to reach
ptimal results. Even though this seems as a drawback, in practice
he optimal selection of such processing blocks can be done using

 “fitting” session for each subject that identifies the optimal set of
echniques to be used by the subject. This is an existing practice
n other medical devices that require such custom fitting such as
earing aids.

The focus of this work was to propose a new set of features
ased on the nonlinear dynamical analysis of the EEG that can be
sed to obtain better performance measures for BCI systems. So,
e used a simple classifier such as the KNN to emphasize that the

nhanced performance is due to the proposed features and not the
se of a sophisticated classifier. So, optimization of classification
y use/comparison of more elaborate classifiers is open for further

nvestigation.
Several aspects of the proposed framework need further

esearch to investigate. Examples include using different distance
etric for the distance series transformation (e.g., 1-norm), using

ifferent features to characterize the 1D distance series transform
ignals, and theoretical study of the implications of dimensionality
eduction from the multidimensional phase space trajectory to the
D distance series transform. Also, it is always important to con-
ider the possible practical implementations for proposed methods
o allow mobility. This includes deployment on suitable low-power

mbedded systems for example.

The fast processing time of the proposed method suggests its
ossible application to design real-time BCI systems. As an example,
rosthetic arm control is an application where real-time perfor-
sing and Control 38 (2017) 55–66

mance of BCI system allows direct and intuitive control modality
for disabled persons. Other time-critical applications include intel-
ligent mental state monitoring to improve safety in operating heavy
industrial machinery or driving. Further investigation of the use of
the proposed method in such applications was  left to future work.

5. Conclusion

In this study, we  proposed a new framework for processing
motor imagery datasets based on the characterization of the shape
of phase space trajectories. Two  sets of features were developed
based on moment invariants and distance series transform fea-
tures. The proposed methods were applied on two different motor
imagery datasets from BCI competitions II and IV respectively. The
experimental results indicate the potential of the proposed frame-
work in improving the results obtained for this type of data sets
and possible generalization for use with other data sets. Moreover,
the required modest computation time suggest their practicality
for most applications.
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Appendix A. Phase space reconstruction procedure

The time-delay method proposed by Packard et al. [32] is used
here to reconstruct the phase space using the mutual information
between time-shifted versions of the EEG signals and the Cao’s
algorithm for determining the optimal delay-time and the opti-
mal  embedding dimension respectively. Let {xk : k = 1, 2, . . .,  N} be
the measured signal, the reconstructed phase space Y (m) can be
reconstructed as the following:

Yi (m) =

⎡
⎢⎢⎢⎣

Y1

Y2

. . .

YM

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

x1 x1+� . . . x1+(m−1)�

x2 x2+� . . . x2+(m−1)�

. . .

xM

. . .

xN−m�

. . .

. . .

.  . .

xN

⎤
⎥⎥⎥⎦ , (I1)

where M = N − (m − 1)�, N is the length of the measured signal, m
is the embedding dimension, and � is the delay-time.

A. Optimal Selection of Delay-Time
The time lag corresponding to the first local minimum of the

mutual information between time-shifted versions of the EEG seg-
ments is selected to be the optimal delay-time �. The mutual
information between time series xk and its delayed version xk+�
can be calculated as,

I(�) =
Ns∑
i=1

Ns∑
j=1

P[xk(i), xk+�(j)]log2
P[xk(i), xk+�(j)]

P[xk(i)]P[xk+�(j)]
,

k = 1, 2, . . .,  N − (m − 1)�.

(I2)

here, Ns is the total number of the probability states, P [xk (i)] is
the probability of time series xk belonging to state i, P [xk+� (j)]
is the probability of the delayed version xk+� belonging to state j,
P [xk (i) , xk+� (j)] is the joint probability of xk belonging to state i,
and xk+� belonging to state j concurrently. P [xk (i)] can be calculated

using the formula proposed by [34] as follows:

P [xk (i)] = n (i)
N − (m − 1) �

,  (I3)
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here n (i) is the number of data points in time series xk belong-
ng to state i while N − (m − 1) � is the length of xk. Probabilities
[xk+� (i)] and P [xk (i) , xk+� (j)] can be calculated using Eq. (I3) as
ell.

B. Optimal Selection of Embedding Dimension
The optimal embedding dimension m for every EEG segment

n the training dataset was determined using Cao’s method [35]
hat has been recently used to determine the minimum embed-
ing dimension for scalar time series. Cao’s method is based on the
ssumption that if m is the true embedding dimension for the given
ime series, then any two points that are close to each other in the m
imensional space will continue close in the higher order embed-
ing dimensions (i.e. m + 1 dimensional space). In this method, the
hase space is being reconstructed using m = 1 and the value of m is

ncreased until the number of the false neighbors approaches zero.
ao’s function is given by,

(m) = 1
N − m�

∑N−m�

i=1

‖Yi (m + 1) − Yn(i,m) (m + 1) ‖
‖Yi (m) − Yn(i,m) (m) ‖ . (I4)

ere Yn(i,m) (m) is the nearest neighbor of Yi (m) in m dimensional
pace and ‖*‖ represents the maximum norm function. The min-
mum embedding dimension is determined as the value of m at

hich the function E1 (m) approaches one with E1 (m) defined as:

1 (m) = E (m + 1)
E (m)

. (I5)

The value of E1 (m) may  approach one even with random signals.
herefore, Cao defined a more robust function E2 (m) to  differenti-
te between random and deterministic time series such that:

2 (m) = E∗ (m + 1)
E∗ (m)

, (I6)

here,

∗ (m) = 1
N − m�

N−m�∑
i=1

|xi+m� − xn(i,m)+m�|. (I7)

ere, xn(i,m)+m� are the nearest neighbors of xi+m�. The time series
s said to be deterministic if the value of E2 (m) is not equal one for
t least one value of m.
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