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Two-Sided Laplace Transform

The two-sided Laplace transform of a continuous-time function f(t) is
00
F(s) = L[f(D)] = f f(eStdt s eROC (3.2)
—00

where the variable s = o + j£2, with € as the frequency in rad/sec and o as a damping factor. ROC stands for
the region of convergence—that is, where the integral exists.

The inverse Laplace transform is given by
o +joC
1
()= L7 YF(s)] = g f F(s)e*'ds o € ROC (3.3)
)

o —]o0




Two-Sided Laplace Transform

- Laplace transform F(s) provides a representation of f(t) in
the s-domain, which in turn can be inverted back into the
original time-domain function (1:1)

- Laplace transform of impulse response of an LTI system
h(t) is H(s) and is called the system or transfer function

- Region of Convergence: region in s where transform exists

For the Laplace transform of f(t) to exist we need that

o0
f f(tetdt
—00

o0
f f(t)eOte IS gy
—00

o0
< f | f()e™ 7t | dt < oo
—00

or that f(t)e~?! be absolutely integrable. This may be possible by choosing an appropriate o even in the case
when f(t) is not absolutely integrable. The value chosen for o determines the ROC of F(s); the frequency
does not affect the ROC.




One-Sided Laplace Transform

The one-sided Laplace transform is defined as
o0
F(s) = L[ f(Hu(t)] = f f(Hu(tye dt (3.8)
0—

where f(¢) is either a causal function or made into a causal function by the multiplication by u(t). The one-
sided Laplace transform is of significance given that most of the applications deal with causal systems and
signals, and that any signal or system can be decomposed into causal and anti-causal components requiring
only the computation of one-sided Laplace fransforms.




Laplace Transformation Table

Table 3.1 One-Sided Laplace Transforms

Function of Time
3(1)
u(t)
r(t)
e~ "u(t), a >0
cos(S2pt)u(t)
sin(Qpt)u(t)
e~ cos(Qohu(t), a > 0

e~ sin(QoHu(t), a =0

S © ® N o ok~ hd

ﬁ IN_lu(I)
11, [Nln, (N=le=aty(t)

2A N—-1,

2A e~ cos(Qot + A)u(t), a > 0

—at cos(Qot + B)u(r)

Function of s, ROC

1, whole s-plane
, Re[s] =0
, Re|s] = 0
Re[s| =

Rels] = 0

|-—- l:n|»—-

s+a

51_'_92

Q
52+‘§?ﬂ, Rels| = 0

5+a P
__sta__ Rels] > —
{s—l—alz—l-ﬁ'ﬂ

_ S _
TR Re|s| =
ALO | AZL-p
s+a—jSlo st+a+ijfdo’
'l .
~ Naninteger, Re[s] > 0

5 +1a)N N an integer, Re|s] > —

AP AL—b fP.BIS] - —

Rel|s] > —a

(s+a—jQo)N (s+a+jQo)N’




Laplace Transform Properties

Table 3.2 Basic Properties of One-Sided Laplace Transforms

Causal functions and constants  «af(t), Bg(t) aF(s), BG(s)

Linearity af (t) + Bg(t) aF(s) + BG(s)

Time shifting f(t—a) e F(s)

Frequency shifting e*'f (1) F(s — a)

Multiplication by t tf(t) — &)

Derivative % sF(s) — f(0—)
. . 2

Second derivative d d{g” s2F(s) — sf(0—) — f(M(0)

Integral [o_ f(t)dt e

Expansion/contraction flat)a #0 IFIIP (2)

Initial value f(0+) = limg— oo SF(5)

Final value lim;— oo f (1) = lims— g SF(s)




Linearity

For signals f(t) and g(t), with Laplace transforms F(s) and G(s), and constants a and b, we have the Laplace
transform is linear:

Llaf (Du(t) + bg(Hu(t)] = ak(s) + bG(s)

Llaf(Hu(t) + bg(Hu(t)] = f[af(t) + bg(t)u(t)e™"dt
0

o0 (.8
:a[f(t)u(t)e_”dt—l—bfg(t)u(t)e_“dt
0 0

=aLllf(ut)| + bL[g(t)(1)]



Differentiation

For a signal f(t) with Laplace fransform F(s) its one-sided Laplace transform of its first-and second-order
derivatives are

[& (t)] sF(s) — f(0—) (3.11)

’ |:df(t) u(t):| _ fdf(t) st gy | integral is evaluated by parts
di dt f wdy = wv — f vdw

fﬂif{r e St At — E_Stf(f) }0 [}‘(t Sr)dr

dt
0_




Integration

The Laplace transform of the integral of a causal signal y(t) is given by

r
ﬁ[ [ st um} _¥o 310

0

[
i
f(I) — ]}r(r)dru(t) ‘ % — ]/(I)u(t)

0

|: dt :|—:. (s) —f(0) ‘ F(s):£|:fy(r)dr:| :T

=Y (s) 0



I ———.
Time Shifting

If the Laplace transform of f(t)u(t) is F(s), the Laplace transform of the time-shifted signal f(t — t)u(t — 7) is

LIf(t — Du(t — )] = e~ TSF(s) (3.15)

- Simply shown by a change of variables



Convolution Integral

The Laplace transform of the convolution integral of a causal signal x(t), with Laplace transforms X(s), and a
causal impulse response h(t), with Laplace transform H(s), is given by

LG (D] = X(SH(S) (3.16)
(9.8
y(t) = fx{r)h(t — 1)dt t >0
0
>0 >0 o0
Y(s) =L fx(r)h(t —1)dt | = f fx(r}h(t —r)dt | e dt
0 0o Lo

oo

(8. 8]
fx(r) fh(t— r) e D dt | e Tdr = X(s)H(s)
0

0 L] _ £[output ]
‘ HO) = Zro] = Zinput]




Example 1

Find the Laplace transforms of §(t), u(t), and a pulse p(t) = u(t) — u(t — 1).

o0 o0 o0
L[5(1)] = f S(tye tdt = f S(t)eCdt = f S(H)dt = 1
—00 —00 —00
o oo o0 st
U(s) = Llu(t)] = / u(t)e*tdt = /e‘”dt: /e‘“e‘jmdt »U(S) = E_ =0 =%
—00 0 0

1 —e 3t 1 e
Pis) =Llu(t+ 1) —u(t—1)] = fe_”dt — : r]:—l — :[Es —e | = ?[1 — e_zs]

—1




Example 2

- Compute H(s) for: h(t) = e~ tu(t) + e*tu(—1)
— hc([) + hm;(f)
- Using table:

= causal component: H.(s) = o> —1

s+ 1

1
—s+ 2

= Anti-causal component: L[, (1)] = L[hac(—Du(0)](—s) =

-

] N 1 -3
s+1 —s4+2 (+1D(s—2)

o < 2

H(s) = —1 <0 <?2




Example 3

Compute the Laplace transform of the ramp function r(t) = tu(t) and use it to find the Laplace of
a triangular pulse A(t) = r(t 4+ 1) — 2r(t) +r(t — 1),

o0

et 1
R(s) =fte_”dt= —2{ — 1) |t 0= o=>0
5 52

& -

0

1
- A(s) = 5lef =2 +e™°] o =0
S



Example 4

- Use the differentiation property to compute the Laplace
transformation of &(t), u(t), and (1) starting from R(s)
derived in Example 3

1
I dr(t) ] 1 1
LluO == =2 =35
| du(t 1
L 3(1‘.):”;({) =S:=1




Example 5

- Let y(t) be a causal signal. Compute Y(s) given that

t

/y(r)dr = 3u(t) — 2y(t)
I |

Y(s 3
S s 9 - Ve 2(s+0%)




Laplace Transform ROC

The Laplace transform of a
= Finite support function (i.e, f(t) = 0fort < ty and t > t, forty < t) is

LIf(O] = L[fO)]ult—1t1) —ult — t2)]] whole s-plane
m Causal function (i.e, f(t) =0fort < 0)is
LIf(Ou)] Re={(0,82) : 0 > max{oj}, —o0 < Q < o0}
m Anti-causal function (i.e, f(t) =0fort > 0) is
LIfOu(=0]  Rac = {(c, Q) : 0 < min{oj}, —00 < 2 < oo}
= Noncausal function (i.e., f(t) = fac(t) + fc(t) = f(u(—t) + f(Ou(t)) s

LIFO] = Llfac(=0u®](—g + LIUOu®]  Re( ) Rac




Inverse Laplace Transform

- Inverting the Laplace transform consists in finding a
signal that has the given transform with the given region
of convergence (ROC)

« 3 Cases:

= Inverse of one-sided Laplace transforms giving causal
functions

= Inverse of Laplace transforms with exponentials.

= Inverse of two-sided Laplace transforms giving anti-
causal or noncausal functions



Inverse of One-Sided Laplace
Transforms: Partial Fraction Expansion

- Expanding the given function in s into a sum of
components of which the inverse Laplace transforms can
be found in a table of Laplace transform pairs

B(s)
D(s)

N(s)

A =5

‘ X() =8 +gis+--- +8H15m +

‘z-l

ds (1) d"s(ty ., [B(s)
i + o+ Cm dm + L I:D("')il

x(t) = goé(t) + &1



Simple Real Poles

Table 3.1 One-Sided Laplace Transforms
Function of Time Function of s, ROC

1. 3(1) 1, whole s-plane

2. u(t) % Rels] = 0

3. (1) lef Rels] = 0

4, e~ (), a >0 -, Re|s] > —a I

5. cos(Qo)u(t) ﬁ, Rels] = 0

6. sin(SphH)u(r) 522095, Rels] = 0

7. e~ cos(Qotu(t), a = 0 (s+;)tj-s2§’ Re|s| = —a

8. e sin(QoHu(t), a = 0 (eraniZOH)g’ Rels] > —a

9. 2Ae cos(Qot+u(t), a= 0 Hﬁf}%o + Siﬁ_j_.go, Rels] = —a
10. g @ + Naninteger, Re[s] > 0
11. e e u(n) m N an integer, Re|s] > —a
12. (N%&}, (IN=Te=at cos(Qot + @)u(l) (S+:§£D)N + (S:ij;zi}h., Re[s] = —a




Simple Real Poles - Example

« Find the causal inverse of:

3s+5 3s+5

X(S) = 5 —
s“+3s+ 2 s+ 1)(s+ 2)
A A. '
X(s) = —- 4 2 mm) (1) = [Are" + Aze™ u(r)
| s+1  s+2 )
3545 = [2¢7" 4 e u(r)
A1 =X+ D)ieeq = —1 = 2
1 ($)(s + 1)]s=—1 . |s=—1
35+ 5
Ay =X($)(s+ 2)|s=—2 = s=—2 =1

s+ 1



Simple Complex Conjugate Poles

N(s) B Ni(s)
+a)24+Q2 (s+a—jQ)s+a+iQ)

! N

— T :
S+a—)20 s+oa+)

X(s) =

X(s) =

A =X(6)(s + o — jQ0)lsm—q iy = Ale”
Iz

x(t) = 2|Ale %" cos(Qot + O)u(t)




Simple Complex Conjugate Poles

- Fine the causal inverse Laplace transform of

2s+ 3

2s+ 3

X(s)

Table 3.1 One-Sided Laplace Transforms

Function of Time

Function of s, ROC

1. 8(1) 1, whole s-plane

2. u(t) % Rels] = 0

3. (1) le’ Rels] = 0

4. e (), a=> 0 -+ Rels] > —a

5. cos(QoHu(r) ﬁ, Rels] = 0

6. sin(Qot)u(r) slioszg' Rels] = 0

7. e~ cos(Qot)u(t), a = 0 (s+;)JEL—I&-Q%' Re|s| > —a

8. e~ sin(Qotu(t), a = 0 (s+a§2720+93’ Rels] > —a

9. 2Ae cos(Qot+u(t), a= 0 Sﬁfﬁzo + Siaﬁ_]_go, Re|s] = —a
10. o NV uo + Naninteger, Re[s] > 0
11. aen e () m N an integer, Re|s] > —a
12. % (N=Te=at co5(Qot + 0)u(t) (S+:—§£0)N + (Sﬁzfj;i},\., Re[s] = —a

X(s) =

T 224+25+4  (s+1)2+3

1 V3

2
J3GtZ+s

3=

s+ 1

(s+1)?+3

x(t) = [

J3

i sin(ﬁr) + 2 cos(x/gt):| e "u(t)




Double Real Poles

Xy = O _a+bete) a b
(s + a)? (s+a)? s+a)? s+«

a=X(6)(s 4+ a)? =g

Table 3.1 One-Sided Laplace Transforms
Function of Time Function of s, ROC
1. 8(1) 1, whole s-plane
2. u(t) % Rels] = 0 I_l
3. (1) sllf Rels] = 0
4. e (), a >0 . Rels] > —a
5. cos(Qptu(r) ﬁ, Rels] = 0
6. sin(Qot)u(t) 529‘52, Rels] = 0 . .
7. e~ % cos(Qot)u(t), a = 0 (S+;£“+;2, Re[s] = —a JC(I) = [ﬂft? at —I_ bé’ {Ir]u(r)
8. e~ sin(Qotu(t), a = 0 m, Re[s] > —a
9. 2Ae M cos(Qot+ Nu(t), a= 0 5+Aafﬁ20 + Sinﬁ-}io' Rels| > —a
10. o Ve + Naninteger, Re[s] > 0
11. e e () (H rav Naninteger, Re[s] > —a
12. (sz;l), N=1e=at cos(Qot + O)u(t) (s+j—é;go)N + (sﬁzf;gi)l\ Rels] = —a




Double Real Poles - Example

- Find the causal inverse Laplace transform of:

=652

A  a+b(s+2) B —
X(s) =+ 12 ‘ x(t) = [1 = 2te™ 2t — e 2 u(r)

A=X($)S|s=0 =1
X(s)—l _ 4—(:~:+2 )2 _—G+49
s s(s + 2)2 (s + 2)2
a-+b(s+2)
T 5+2)?
m bh=-—1 a=—2




R
Analysis of LTI Systems

- Complete response for system described by
N—1

(N}(t) + Z aj, y“”(r) = Z ng(f)(t} N>M

k=0 £=0
with initial condltlons P, 0 <k <N -1

is obtained by inverting the Laplace transform:

B(s) 1
s I(:
A(s) : +A(5) )

Y(s) =

N

A(s) = Z aksk an = 1
k=0

N k—1
M } m—1_,(m)
I(s) = 1 / 0)
B(S)=Zbg$£ 5) = Z"P(Z yo )
=0

fe—= m=0



R
Analysis of LTI Systems

B(s)

Y(s) = HX(G) + Hi()I(s) mmmp (0 = yas(0) + (D)

zero-state response:  yz(t) = L7 H(s)X(s)]

zero-input response:  y,i(t) = L7 [Hy (s)I(s)]




I ———.
Analysis of LTI Systems - Example

 Find the impulse response h(t) and unit step response
s(t) of the system defined by the differential equation:
By L dy®

dt? - dt

« Assume zero initial conditions (LTT)
Y(s)[s? 4+ 3s + 2] = X(s)

+ 2y(t) = x(1)

1 A B H(s)
5 : = : = - + : S(S) —
s“+3s+ 2 s+ 1)(s+2) s+1  s+42 S

‘ A=1land B= -1 ‘

hit) = [e™" — e 2] u(r) s(t) = 0.5u(t) — e ‘u(t) + 0.5¢*'u(t)

H(s) =




I ———.
Analysis of LTI Systems - Example

- Consider the same system but with nonzero initial conditions

d2 / 1v
d}tg) + 3{}01(;) + 2y(t) = x(t) y(0) = 1 and dy(t)/dt|j=o = 0

- Can we compute h(t) ??

dv
"ol + 31Y(5) — (0)] +2¥(5) = X()

Y(s)(s> +3s+2) — (s + 3) = X(s)

‘ X(s) s+ 3

Unable to find H(s)=Y(s)/X(s)! | RIS YRGS IE ARGy

[s°Y (s) — sy(0) —




Computation of the Convolution
Integral

The Laplace transform of the convolution y(t) = [x * h|(t) is given by the product
Y(s) = X(s)H(s)

where X(s) = L[x(t)] and H(s) = L[h(t)]|. The transfer function of the system H(s) is defined as

Y(s)

H(s) = L]h(t)] = X

- H(s) transfers the Laplace transform X(s) of the input
into the Laplace transform of the output Y(s).

» Once Y(s) is found, y(t) is computed by means of the
inverse Laplace transform.



Computation of the Convolution
Integral - Example

Use the Laplace transform to find the convolution y(t) = [x % h](t) when

(1) theinputis x(t) = u(t) and the impulse response is a pulse h(t) = u(t) — u(t — 1), and
(2) the input and the impulse response of the system are x(t) = h(t) = u(t) — u(t — 1).

The Laplace transforms are X(s) = L[u(t)] = 1/s and H(s) = L|h(t)] = (1 — e™*) /s, so that

—5 -1

VE) = HOX@ =~ —  mmmp YO =r®=rC=1)

In the second case, X(s) = H(s) = L[u(t) —u(t—1)] = (1 —e™*)/s, so that

(1—e)? 1-2"4e ™

s I
Y(s) = H(s)X(s) = % " »}f(t) =7()—2r(t—1) +r(t —2)




Covered Material and Assignments

 Chapter 3 of Chaparro’s textbook

- Assigned Problem Set #3



